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Abstract
In this paper we begin to study some cardinal functions related to quasi-uniformities. We show
that there exist either a unique or at least 22ℵ0 compatible quasi-uniformities on a topological space.
The cardinality of the set of non-transitive compatible quasi-uniformities is examined and it is shown
that for an infinite T2 space there are at least 22
ℵ0 such quasi-uniformities. We also derive that the
cardinality of the set of the compatible quasi-uniformities is 22ℵ0 if X=R. Ó 2000 Elsevier Science
B.V. All rights reserved.
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1. Introduction
As far as we know until now no one has investigated the question how many compatible
quasi-uniformities an arbitrary topological space possesses. There are a lot of exciting
questions of this type. For example, what can we say about the cardinality of the set of all
compatible transitive or totally bounded or non-transitive quasi-uniformities. Or another
type of questions is what are the cardinalities of these sets for well-known spaces. The
problem seems to be very interesting to examine the properties of such cardinal functions.
There were certain steps towards this direction but these problems were not examined
explicitly. An important result which will be used here too is due to Künzi and states that
there exists a unique compatible quasi-uniformity on a topological space if and only if
there is no a strictly increasing sequence of open sets and no strictly decreasing sequence
of open sets with open intersection (see [3]).
In this paper we answer some of the previous questions. In Section 2 we prove that the
cardinality of the set composed of all transitive compatible quasi-uniformities which are
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finer than the Pervin one is either one or at least 22ℵ0 . The question arises immediately:
what can be said about the non-transitive quasi-uniformities. We partly answer to this
question in the next section by proving that in the class of infinite T2 spaces the cardinality
of the mentioned set is at least 22ℵ0 too. Then in the last section the topological space of
real numbers is examined and it is shown that there are exactly 22ℵ0 compatible quasi-
uniformities on R and the cardinality of the set of the totally bounded quasi-uniformities
is the same.
We will need some basic definitions.
Definition 1.1. Let (X, τ) be a topological space. Then let
N(X)= {V: V is a quasi-uniformity on X such that τ (V)= τ},
T (X)= {V: V is a transitive quasi-uniformity on X such that τ (V)= τ},
where τ (V) denotes the topology induced by V .
Definition 1.2. A base B of a topological space is called an l-base or a lattice-base if it is
closed for finite union and finite intersection and ∅,X ∈ B.
We enumerate some results connected with this notion. For the proofs of these results
the reader has to consult [9].
We say that α is an interior preserving open cover if it is an open cover and for every
x ∈X the set ⋂{N ∈ α: x ∈N} is open or equivalently α′ ⊆ α implies ⋂α′ is open. We
can assign a transitive neighbornet Uα to α in the following way: Uα(x)=⋂{N ∈ α: x ∈
N} (x ∈X). If α′ = {Uα(x): x ∈X} then α′ is also an interior preserving open cover and
Uα′ = Uα . An important remark is that if α is finite then {Uα(x): x ∈ X} is finite too
and if Uα ∈ P then α is finite where P denotes the Pervin quasi-uniformity of X namely
P = filX×X{Uα : α is finite}. It is known that a quasi-uniformity is totally bounded if and
only if it is contained in P (see [1]).
In [9] we showed that there is a one-to-one correspondence between the set of
compatible totally bounded transitive quasi-uniformities and the set of l-bases. Namely
if V is a quasi-uniformity of the mentioned type then B(V) = {N ∈ τ : UN ∈ V} is an l-
base, and if B is an l-base then V(B)= filX×X{UN : N ∈ B} is a totally bounded transitive
quasi-uniformity, where UN = (N ×N) ∪ ((X−N)×X)=U{N,X} for the cover{N,X}.
2. The main results
In this section we prove that |N(X)| = 1 or > 22ℵ0 .
The following theorem is due to Künzi (see [3]):
Theorem 2.1. |N(X)|> 1 if and only if
(1) there is {Ni : i ∈N} ⊆ τ such that Ni ⊆Ni+1, Ni+1 6=Ni or
(2) such that {Ni : i ∈N} ⊆ τ such that Ni+1 ⊆Ni , Ni+1 6=Ni and⋂{Ni : i ∈ N} ∈ τ .
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First we need some definitions.
Definition 2.2. Let N ⊆ N. We call a subset H of N a pile of N or an N -pile or simply
pile (if there is no misunderstanding) if
(1) i, j ∈H and i < k < j , k ∈N implies that k ∈H and
(2) H is maximal for the previous property.
We may say that an N -pile is a maximal convex set in N .
Definition 2.3. Let again N ⊆ N. We say that Z ⊆ N is admissible for N if there exists
k ∈N such that H being an N -pile implies that |H ∩Z|6 k.
Definition 2.4. We call a filter σ on N a p-filter if, whenever N ∈ σ and Z is admissible
for N , then N −Z ∈ σ .
We remark that this is a kind of descending property.
Proposition 2.5. If σ is a p-filter then it is free.
Example 2.6. The cofinite filter on N is an easy example for a p-filter.
Proof. If N ∈ σ then obviouslyN has only finitely many piles. So if Z is admissible then
N −Z is cofinite too. 2
We now prove that there are a lot of p-filters.
Theorem 2.7. |{σ : σ is a p-filter }| = 22ℵ0 .
Proof. First we define a function f :N→ P(N) in the following way: if k ∈ N then let
f (k)= {2k + 1,2k + 2, . . . ,2k + k}.
We remark the following two facts:
(1) |f (k)| = k,
(2) the set {f (k): k ∈N} contains all piles of ⋃{f (k): k ∈N}.
If A ⊆ N then let f˜ (A) =⋃{f (k): k ∈ A}. Now if σ is a free filter on N then let
σ˜ = filX{f˜ (A)−Z: A ∈ σ , Z is admissible for f˜ (A)}.
We prove that {f˜ (A) − Z: A ∈ σ , Z is admissible for f˜ (A)} is a base for σ˜ . It is
straightforward that (f˜ (A) − Z) ∩ (f˜ (B) −W) = f˜ (A) ∩ f˜ (B) − (Z ∪ W) (where Z
is admissible for f˜ (A) and W is admissible for f˜ (B)), hence it is enough to prove that
f˜ (A)∩ f˜ (B)= f˜ (A∩B) and Z∪W is admissible for f˜ (A∩B). The first one is obvious
by the definition of f and f˜ . To prove the second one let us suppose that if H is an f˜ (A)-
pile then |H ∩Z|6 k and if K is an f˜ (B)-pile then |K ∩W |6 l. Now it is obvious that if
J is an f˜ (A∩B)-pile then |J ∩ (Z ∪W)|6 k+ l; in other words Z ∪W is admissible for
f˜ (A∩B).
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We have to establish that σ˜ is a p-filter. In order to prove this let N ∈ σ˜ and W
be admissible for N . Then there are A ∈ σ and Z ⊆ N such that f˜ (A) − Z ⊆ N (Z is
admissible for f˜ (A)). Obviously f˜ (A)− (Z ∪W)⊆N −W , so it is enough to prove that
Z ∪W is admissible for f˜ (A). Let us suppose that if H is an f˜ (A)-pile then |H ∩Z|6 k
and if K is an N -pile then |K ∩W |6 l. Let L be an (f˜ (A)−Z)-pile. Then there exists an
N -pile L′ such that L⊆ L′. Hence |L∩W |6 l. Since H −Z has at most k+ 1 piles then
|H ∩W |6 (k + 1)l. We get that Z ∪W is admissible for f˜ (A).
The proof is complete if we have verified that σ 1 6= σ 2 implies σ˜ 1 6= σ˜ 2 since the
cardinality of the set of all free filters on N is equal to 22ℵ0 . Suppose indirectly that
σ˜ 1 ⊆ σ˜ 2. We establish that σ 1 ⊆ σ 2. Let A1 ∈ σ 1. Then there exist A2 ∈ σ 2 and Z ⊆
N such that f˜ (A2) − Z ⊆ f˜ (A1) and Z is admissible for f˜ (A2) such that if H is an
f˜ (A2)-pile then |H ∩ Z| 6 k for a certain k. If x ∈ A2 − A1 then |f (x)| 6 k since
f (x)⊆ f˜ (A2) and f (x)∩ f˜ (A1)= ∅. We get that A2 −A1 is finite but σ 2 is a free filter
so A2 ∩A1 ∈ σ 2 which implies that A1 ∈ σ 2 and σ 1 ⊆ σ 2. If we reverse the inclusion we
again get a true statement which is a contradiction. 2
Now we can already prove the main theorems.
Theorem 2.8. Let (X, τ) be a topological space, {Ni : i ∈ N} ⊆ τ such that Ni ⊆ Ni+1 ,
Ni+1 6=Ni . Then we will show |N(X)|> 22ℵ0 .
Proof. Let P be the Pervin quasi-uniformity of τ . If A⊆ N then let
αA = {X,Ni : i /∈A}.
Then αA is an interior preserving open cover of X. Let UA(x)=⋂{M ∈ αA: x ∈M}. If σ
is a p-filter on N then let
Vσ = filX×X
{P,UA: A ∈ σ}.
It is easy to check that Vσ is a compatible quasi-uniformity on X, moreover Vσ ∈
T (X) and P ⊆ Vσ . We show that if σ1 6= σ2 then Vσ1 6= Vσ2 . This yields immediately that
the cardinality of the set of all p-filters on N is less than or equal to the cardinality ofN(X),
hence |N(X)|> 22ℵ0 .
Now let Vσ1 ⊆ Vσ2 ; then we will show that σ1 ⊆ σ2, which is enough to prove since
together with the opposite case it implies the required statement.
Let A1 ∈ σ1. Then UA1 ∈ Vσ1 hence there are A2 ∈ σ2 and P =Uβ ∈ P such that Uβ ∩
UA2 ⊆UA1 where β is a finite open cover of X. Let |{P(x): x ∈X}| = k ∈N. LetH ⊆A2
be an A2-pile such that H = {r ∈ N: p < r < q}. Suppose that i ∈ H − A1 and let
xi ∈ Ni −Ni−1. Then UA1(xi)=Ni and UA2(xi)=Nq and we get that Nq ∩ P(xi)⊆ Ni
which implies that P(xi) ∩ (Nq − Ni) = ∅. If j ∈ H − A1 such that i < j then xj ∈
P(xj ) ∩ (Nq − Ni) 6= ∅ so P(xi) 6= P(xj ) which verifies that the function f defined
by f (i) = P(xi) (i ∈ H − A1) is injective. Hence |H − A1| 6 k and there is Z ⊆
N such that A2 − Z ⊆ A1 where Z is admissible for A2. Since σ 2 is a p-filter then
A1 ∈ σ 2 and σ 1 ⊆ σ 2. 2
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Remark 2.9. We cannot strengthen this statement in general.
Proof. Let X = N and τ = {X,∅, {i: i 6 n}: n ∈ N}}. A quasi-uniformity on X is a filter
on X×X hence there cannot be more than 22ℵ0 . 2
Theorem 2.10. Let (X, τ) be a topological space, {Ni : i ∈ N} ⊆ τ such that Ni+1 ⊆
Ni, Ni+1 6=Ni and ⋂{Ni : i ∈N} ∈ τ . In this case |N(X)|> 22ℵ0 .
Proof. Let N0 =X. Let P denote the Pervin quasi-uniformity of τ . If A⊆ N then let
αA =
{
X,
∞⋂
j=1
Nj
}
∪ {Ni : i /∈A}.
Then αA is an interior preserving open cover of X. Let UA(x) =⋂{M ∈ αA: x ∈M}.
If σ is a p-filter on N then let Vσ = filX×X{P,UA: A ∈ σ }. It is obvious that Vσ ∈
T (X) and P ⊆ Vσ . We show that if σ1 6= σ2 then Vσ1 6= Vσ2 which yields immediately
that |N(X)|> 22ℵ0 .
Now let Vσ1 ⊆ Vσ2 , then we will show that σ1 ⊆ σ2, which is enough to prove.
Let A1 ∈ σ1. Then UA1 ∈ Vσ1 hence there are A2 ∈ σ2 and P =Uβ ∈ P such that Uβ ∩
UA2 ⊆UA1 where β is a finite open cover of X. Let |{P(x): x ∈X}| = k ∈N. LetH ⊆A2
be an A2-pile such that H = {r ∈ N: p < r < q}. Suppose that i ∈ H − A1 and let
xi ∈Ni −Ni+1. Then UA1(xi)=Ni and UA2(xi)=Np and we get that Np ∩ P(xi)⊆Ni
which implies that P(xi) ∩ (Np − Ni) = ∅. If j ∈ H − A1 such that i < j then xj ∈
P(xj ) ∩ (Np − Ni) 6= ∅ so P(xi) 6= P(xj ) which verifies that the function f defined
by f (i) = P(xi) (i ∈ H − A1) is injective. Hence |H − A1| 6 k and there is Z ⊆
N such that A2 − Z ⊆ A1 where Z is admissible for A2. Since σ 2 is a p-filter then
A1 ∈ σ 2 and σ 1 ⊆ σ 2. 2
Remark 2.11. We cannot strengthen the statement.
Proof. Let X = N and τ be the cofinite topology. It is easy to see that |N(X)| = |T (X)| =
22ℵ0 . 2
Remark 2.12. We proved more than we formulated in the theorems. Namely we got
that |pi(δ1)| = 1 or > 22ℵ0 , where δ1 is the finest compatible quasi-proximity of τ and
pi(δ1) = {V ∈ N(X): P ⊆ V (or δ(V) = δ1)} is the quasi-proximity class of δ1. Or
more exactly we could have formulated the theorems in the following way: if |N(X)| >
1 then |{V ∈ T (X): P ⊆ V}|> 22ℵ0 . Moreover in this case there exist at least 22ℵ0 pairwise
non comparable compatible quasi-uniformities. Moreover the lattice of all p-filters of N is
isomorphic to a sublattice of N(X).
Problem 1. What can we say about |pi(δ)| if δ is an arbitrary compatible quasi-proximity
of X?
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In [11] we prove that in the class of locally compact T2 spaces |pi(δ0)| = 1 if and only
if X is compact or non-Lindelöf (δ0 denotes the coarsest compatible quasi-proximity). In
[10] we show that |pi(δ)|> 22ℵ0 if Vδ is transitive and |pi(δ)|> 1.
Problem 2. What can be said about the cardinality of the set of all totally bounded
quasi-uniformities? In other words let TB(X) = {V ∈ N(X): V ⊆ P} and suppose that
|TB(X)|> 1; can we state |TB(X)|> 22ℵ0 ?
3. On the cardinality of the set of the non-transitive compatible quasi-uniformities
In Section 2 we proved that the cardinality of the set of the compatible transitive quasi-
uniformities is at least 22ℵ0 . However the question concerning the number of non-transitive
compatible quasi-uniformities remained untouched. Moreover: is there always a non-
transitive compatible quasi-uniformity? In this section we partly answer these questions.
We show that when X is an infinite T2 space then |N(X)− T (X)|> 22ℵ0 .
Theorem 3.1. Let (X, τ) be a topological space. Suppose that there exist {Ni : i ∈ N} ⊆ τ
and an l-base B such that Ni ⊆Ni+1, Ni 6=Ni+1 and if N ∈ B then {i ∈N: N ∩ (Ni+1 −
Ni) 6= ∅} is either finite or cofinite. In this case |N(X)− T (X)|> 22ℵ0 .
Proof. Let h1 = 1, hn+1 = (hn+1)2+1, and H = {hn: n ∈ N}. Let a1 = 2, an+1 =√an.
We define entourages Vi for i ∈ N. Let i ∈ N be given. If x ∈ X −⋃{Nj : j ∈ N} then
let Vi(x)=X. If x ∈⋃Nj then there exists a unique n ∈ N such that x ∈Nn −Nn−1 (set
N0 = ∅). Now let Vi(x)=N[nai ] where [z] denotes the largest integer which is not greater
than z (z ∈ R). Obviously x ∈ Vi(x), moreover we prove that V 2i+1 ⊆ Vi . Let x ∈ X, we
have to show that V 2i+1(x)⊆ Vi(x). This is straightforward if x /∈
⋃
Nj . If x ∈⋃Nj then
let n ∈N be chosen such that x ∈Nn −Nn−1. An easy calculation shows that[[nai+1]ai+1]6 [na2i+1] = [nai ]
verifies the required statement.
Let A⊆H and αA = {X,Ni : i ∈H −A}. It is obvious that αA is an interior preserving
open cover. Let UA =UαA . It is easy to check that UA ∩UB =UA∩B .
Let σ be a free filter on H and
Vσ = filX×X
{VB; Vi : i ∈N; UA: A ∈ σ},
where VB = filX×X{UN : N ∈ B}, UN = (N ×N) ∪ ((X −N)×X). It is easy to verify
that Vσ ∈N(X).
We prove that Vσ /∈ T (X). Suppose indirectly that Vσ is transitive. Then for V1 there
exists a transitive neighbornet T in Vσ such that T ⊆ V1 and there exist a finite cover α ⊆
B, A ∈ σ , i ∈ N such that U = Uα ∩ UA ∩ Vi ⊆ T because {Vi : i ∈ N} and {UA: A ∈ σ }
are closed for finite intersections. Now if n ∈ N then Un ⊆ T n = T ⊆ V1 in other words
Un ⊆ V1 for all n ∈ N. The contradiction will be based on this fact.
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It is easy to verify the existence of an m ∈ N such that if k >m then k + 16 [kai ]. We
are going to show now that there is n ∈N such that if x ∈⋃Nj −Nn then Uα(x)∩ (Ni −
Ni−1) 6= ∅ for all i > n. Since Uα(x) ∈ B then {i ∈N: Uα(x)∩ (Ni −Ni−1) 6= ∅} is either
finite or cofinite. If we consider those Uα(x) for which this set is finite then we can get
n1 ∈ N such that these index sets are all subsets of {i: i 6 n1}. And if we consider those
Uα(x) for which this set is cofinite then we can get n2 ∈N such that {i: i > n2} is a subset
of all these index sets. If we set n = max{n1, n2} then this n will be suitable because if
x /∈Nn then Uα(x) must be of second type.
Let h = hr ∈ H be chosen such that h > n,m. Let x1 = x ∈ Nh+1 − Nh. In
this case V1(x) = N(h+1)2 by definition of V1, UA(x) ⊃ Nhr+1 = N(h+1)2+1 by the
definition of UA and considering A ⊆ H ; and Vi(x) ⊃ Nh+2 by the choice of m. There
exists x2 ∈ Uα(x) ∩ (Nh+2 − Nh+1) 6= ∅ by the property of n. So x2 ∈ U(x1). If we
compute Uα(x2),UA(x2),Vi(x2) then we can derive the existence of a point x3 ∈Nh+3 −
Nh+2 such that x3 ∈ U(x2) ⊆ U2(x1). Let us continue this process. If k is large enough
then it will be true that xk ∈ Uk−1(x) and xk ∈N(h+1)2+1 −N(h+1)2 , but V1(x)=N(h+1)2
which is a contradiction.
Now we prove that if σ 1 6= σ 2 then Vσ 1 6= Vσ 2 which is enough to be shown since the
cardinality of the set of free filters on H is 22ℵ0 .
Suppose indirectly that Vσ 1 ⊆ Vσ 2 . In order to prove that σ 1 ⊆ σ 2 let A1 ∈ σ 1. By
UA1 ∈ Vσ 1 there exist a finite cover α ⊆ B,A2 ∈ σ 2, i ∈N such that U =Uα∩UA2 ∩Vi ⊆
UA1 . Let us choosem ∈N and n ∈N in the same way as we did in the previous part of this
proof. We show that A2 − A1 is finite. Let us suppose that it is infinite. Then there exists
h ∈A2−A1 such that h >m,n. Let x ∈Nh−Nh−1. Now UA1(x)=Nh, UA2(x)⊃Nh+1
since h ∈ A2, Vi(x) ⊃ Nh+1 by the choice of m, and Uα(x) ∩ (Nh+1 − Nh) 6= ∅ by the
property of n. We get that U(x) 6⊆ UA1(x) which is a contradiction. So A2 − A1 is finite
and σ 2 being free yields immediately that A1 ∈ σ 2 and we get that σ 1 ⊆ σ 2. 2
Remark 3.2. We cannot strengthen this statement.
Proof. For example, let X = N and τ = {X,∅, {i: i 6 n}: n ∈ N}}. Obviously |N(X)| =
|T (X)| = 22ℵ0 . 2
Proposition 3.3. Let X be a T2 space. If there exists a convergent non-constant sequence
in X then |N(X)− T (X)|> 22ℵ0 .
Proof. Let Ni = X − {x;xj : j > i}, where xj → x , xi 6= xj (i 6= j). Obviously Ni ∈
τ and Ni ⊆ Ni+1. Let B be composed of the open sets G such that x ∈G or x /∈ cl(G). It
is easy the check that B is an l-base. Moreover {i ∈N: G∩ (Ni −Ni−1) 6= ∅} is cofinite if
x ∈G and finite if x /∈ cl(G) so we can apply Theorem 3.1. 2
Proposition 3.4. If there exists an infinite discrete closed subspace of X then |N(X) −
T (X)|> 22ℵ0 .
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Proof. Let {xj : j ∈ N} be an infinite discrete closed subspace. Let Ni =X− {xj : j > i}.
Obviously Ni ∈ τ and Ni ⊆ Ni+1. Let B = {∅;X} ∪ {M: ∃i ∈ N such that M ⊆ Ni}. It is
easy the check that B is an l-base. Moreover if K ∈ B then {i ∈N: K ∩ (Ni −Ni−1) 6= ∅}
is always finite so we can use Theorem 3.1. 2
The following important lemma and theorem are due to J. Gerlits and are included here
with his permission for the benefit of the reader.
Lemma 3.5 (J. Gerlits). If X is an infinite T2 space then one of the following statements
is true:
(1) there exists an infinite discrete closed subspace,
(2) there is a convergent sequence (with its limit point),
(3) there exists an infinite, nowhere dense closed set in X.
Proof. It is known that in an infinite T2 space there exists a countably infinite discrete
subset, say H . Let F =H ′ (the accumulation points of H ). Then F is closed and nowhere
dense in X. Now there are three possibilities:
(a) F is empty. Then case (1) is satisfied.
(b) F 6= ∅ is finite. Let us suppose that case (1) does not hold. Choose x ∈ F and
open sets G and G′ such that x ∈ G, F − {x} ⊆ G′, G ∩ G′ = ∅. Then (G ∩ H) ∪ {x}
is a convergent sequence, and x is its limit point. Then case (2) holds.
(c) F is infinite. Case (3) holds. 2
Theorem 3.6 (J. Gerlits). If X is an infinite T2 space then there exist {Ni : i ∈N} ⊆ τ and
an l-base B such thatNi ⊆Ni+1,Ni 6=Ni+1 and ifN ∈ B then {i ∈N: N ∩ (Ni−Ni−1) 6=
∅} is either finite or cofinite.
Proof. If there exist a convergent sequence or an infinite discrete closed subset then the
statement is a consequence of Propositions 3.3 and 3.4. So by Theorem 3.5 we can assume
that there exists a sequence {Fn: n ∈ N} consists of infinite, closed sets such that for
every n ∈ N, Fn+1 is a nowhere dense closed subspace of Fn. Let Nn = X − Fn and
B = τ . If G ∈ τ , n ∈ N and G ∩ Fn+1 6= ∅ thenG ∩ (Fn − Fn+1) 6= ∅ since Fn+1 is a
nowhere dense subspace of Fn. So we get G ∩ (Fk − Fk+1) 6= ∅ for every k 6 n. Hence
{i ∈ N: G∩ (Ni −Ni−1) 6= ∅} is either empty or equals to N. 2
Theorem 3.7. If X is an infinite T2 space then |N(X)− T (X)|> 22ℵ0 .
Proof. Theorems 3.1 and 3.6. 2
Similarly to Theorem 3.1 we can verify a theorem in case when Ni+1 ⊆Ni .
Theorem 3.8. Let (X, τ) be a topological space. Suppose that there exist {Ni : i ∈
N} ⊆ τ and an l-base B such that Ni+1 ⊆ Ni , Ni 6= Ni+1, ⋂{Ni : i ∈ N} ∈ τ and if
N ∈ B then {i ∈ N: N ∩ (Ni − Ni+1) 6= ∅} is either finite or cofinite. It follows that
|N(X)− T (X)|> 22ℵ0 .
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Problem 3. Let |N(X)|> 1. Is there always a non-transitive compatible quasi-uniformity?
Problem 4. What can we say about the connection between |T (X)| and |N(X)|? For
example, are they equal, or |N(X)|6 |T (X)|+ or |N(X)|6 2|T (X)|?
4. Some results on R
In this section we investigate the set of real numbers with the usual topology. First we
derive that there are exactly 22ℵ0 compatible quasi-uniformities on R.
Definition 4.1. Let V be a neighbornet on R. Let us denote by R =R(V ) the set {x ∈ R:
there exists a neighborhoodK of x such that y ∈K − {x} implies that x /∈ V (y)}.
Lemma 4.2. If V is a neighbornet on R then |R(V )|6 ℵ0.
Proof. If x ∈R then let d(x) ∈ R be chosen such that the interval (x− d(x), x+ d(x))⊆
V (x). For m ∈ N let Rm = {x ∈ R: d(x)> 1/m}. We show that Rm is discrete. In order
to prove that let (xn) be a sequence which converges to x such that x 6= xn and xn ∈ Rm. If
xn ∈ (x − 1/m,x + 1/m) then x ∈ V (xn) which implies x /∈R and x /∈ Rm.
So |Rm|6 ℵ0 and R =⋃∞1 Rm implies that |R(V )|6 ℵ0. 2
Lemma 4.3. If V is an open neighbornet on R (which means that for every x , V (x) is
open) then there is a countable dense subset D of R such that x /∈ R(V ) and K being a
neighborhood of x imply that there exists y ∈D ∩K such that x ∈ V (y).
Proof. Let B be a countable base of R. Let J = R − R(V ). If B ∈ B, x ∈ B ∩ J then
∃yx ∈ B such that x ∈ V (yx). (By the previous lemma B ∩ J 6= ∅.) Obviously B ∩ J =⋃{V (yx)∩ (B ∩J ): x ∈B∩J }. By B∩J being Lindelöf we get that there exist countably
many xBi such that B ∩ J =
⋃{V (yxBi ) ∩ (B ∩ J ): i ∈ N}. Let D = {yxBi : i ∈ N, B ∈ B}.
It is straightforward that |D| 6 ℵ0 and D is dense. If x ∈ J, x ∈ B ∈ B then x ∈ B ∩
J hence ∃xBi such that yxBi ∈ B and x ∈ V (yxBi ). 2
Theorem 4.4. |N(R)| = 22ℵ0 .
Proof. We know that |N(R)| > 22ℵ0 (Theorem 2.8). Let V ∈ V ∈ N(R) be such that V
is open (i.e., V (x) is open (∀x)) and let D be a countable dense set which satisfies the
condition of Lemma 4.3. Let
VD(x)=
{⋂{V 2(y): y ∈D and x ∈ V (y)} if x ∈R−R(V ),
V (x) if x ∈R(V ).
We show that V ⊆ VD ⊆ V 3. It is obvious if x ∈ R. Let x ∈ J = R − R. If x ∈
V (y) then V (x) ⊆ V 2(y) and we get V (x) ⊆ VD(x). Since V (x) is a neighborhood
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of x then there exists y ∈ D ∩ V (x) such that x ∈ V (y) and we get that V 2(y) ⊆
V 3(x) and VD(x)⊆ V 3(x).
For every open V ∈ V let us fix a dense set D(V ) which is satisfies the condition of
Lemma 4.3. Let V˜ = {VD(V ): V ∈ V, V is open}. It is easy to check that V˜ is a base of V .
We prove now that |{VD: V is an open neighbornet, D is a good dense set for
V }| 6 2ℵ0 . In order to prove this observe that if we know R, {V (x): x ∈ R}, D,
{V (y): y ∈ D} and {V 2(y): y ∈ D} then we can construct VD . Since R and D are
countable, V (y),V 2(y) and V (x) are open (y ∈ D, x ∈ R) then we can derive that the
cardinality of the set of such systems is less than or equal to 2ℵ0 .
We get that there can be at most 22ℵ0 V˜ , and |N(R)| = 22ℵ0 since V˜ determines V . 2
An obvious consequence of the previous theorem is that |T (R)| = 22ℵ0 . But it is
interesting to prove this fact directly.
Theorem 4.5. Let α be an interior preserving open cover on R. Then∣∣{Uα(x): x ∈R}∣∣6 ℵ0.
Proof. Let I = {I open interval on R: ∃y ∈ R such that I is some component of Uα(y)}.
We prove that |I|6 ℵ0. Let Ix = {I ∈ I: x ∈ I } if x ∈ R.
We show that |Ix |6 ℵ0. Suppose indirectly that |Ix |> ℵ0. Then |{v ∈R: v is endpoint
of some I ∈ Ix}|> ℵ0. Hence, for example, |L= {v ∈ R: v is the left end point of some
I ∈ Ix}|> ℵ0. In this case it is well known that there exists a sequence (hn) such that hn ∈
L, hn < hn+1, hn → h. Obviously h 6 x . But then for every n ∈ N there exists
In ∈ Ix such that hn is the left endpoint of In and there exists xn ∈ R such that In is a
component of Uα(xn). Now h ∈⋂ In ⊆⋂Uα(xn) moreover Uα(h) ⊆⋂Uα(xn) since α
is an interior preserving open cover. But hm /∈⋂{Uα(xn): n ∈ N} for all m which is a
contradiction because Uα(h) is open.
It is easy to check that I =⋃{Ix : x ∈Q}. So |I|6 ℵ0.
If x ∈ R then let Ix denote the component of Uα(x) which contains x . It is enough to
prove that if Uα(x) 6= Uα(y) then Ix 6= Iy since Ix ∈ I . Suppose indirectly that Ix = Iy .
Then x ∈ Iy ⊆ Uα(y) hence Uα(x) ⊆ Uα(y) and similarly we get that Uα(y) ⊆ Uα(x)
which is a contradiction. 2
Theorem 4.6. |T (R)| = 22ℵ0 .
Proof. By Theorem 2.8 and Remark 2.12, |T (R)|> 22ℵ0 . We have to prove that 6 is true
as well. It is known that {Uα(x): x ∈X} determines Uα where α is an interior preserving
open cover. By Theorem 4.5, |{Uα : α is an interior preserving open cover}|6 2ℵ0 . If V is
a compatible transitive quasi-uniformity then it is determined by its base which consists of
transitive neighbornets. Hence |T (R)|6 22ℵ0 . 2
Now we examine the set of totally bounded compatible quasi-uniformities.
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Definition 4.7. Let H be a dense subspace of R. Let
BH = {∅,X} ∪
{
n⋃
1
(ai, bi): ai, bi ∈H, n ∈N
}
.
Obviously B is an l-base. Let VH = V(BH).
Proposition 4.8. Let H,K be dense subspaces of R. Then
(1) H ⊆K if and only if VH ⊆ VK,
(2) H =K if and only if VH = VK.
Proof. It is enough to prove condition (1). If H ⊆ K then obviously BH ⊆ BK and
V(BH)⊆ V(BK).
If VH ⊆ VK then B(V(BH )) = BH ⊆ B(V(BK)) = BK by [9, 2.13]. If x ∈ H then
there is I ∈ BH such that one endpoint of I is x . Also I ∈ BK so I =⋃ Ii where both
endpoints of every Ii are in K; hence x ∈K . 2
Theorem 4.9. |{V ∈N(R): V ⊆ P}| = |{V ∈ T (R): V ⊆ P}| = 22ℵ0 .
Proof. We have to prove that there exist 22ℵ0 distinct compatible transitive totally bounded
quasi-uniformities. Let H ⊆Q∗ (Q∗ =R−Q). Let DH =Q∪H . By Proposition 4.8 it is
straightforward that |{VDH : H ⊆Q∗}| = 22ℵ0 . 2
Proposition 4.10. There is a monotonical embedding of R to a discrete subspace of N(R)
(we endow N(R) with the interval topology).
Proof. If x ∈ R then let Hx = Q ∪ (−∞, x]. Let φ :R→ N(X) such that φ(x)= VHx .
By Proposition 4.8 φ is monotonical. We show that H = {VHx : x ∈ R} is discrete. Let
x ∈ R be given. Let us choose y < x, y ∈ Q∗ and z > x, z ∈ Q∗. Let K = Hx − {y},
L = Hx ∪ {z}. Now H ∩ {V ∈ N(R): VK ⊆ V ⊆ VL} = VHx since if K ⊆ Hw ⊆
L then Hw =Hx which implies that x =w. 2
Proposition 4.11. There exists a discrete subspace of N(R) (moreover of {V ∈ T (R):
V ⊆ P}) with cardinality 22ℵ0 .
Proof. If R ⊆Q∗ − {pi} then let HR =R ∪Q. By Proposition 4.8,
H= {VHR : R ⊆Q∗ − {pi}}
is a set with cardinality 22ℵ0 . We establish that it is discrete. Let R ⊆ Q∗ − {pi}. Let
K = HR − {0} and L = HR ∪ {pi}. Now H ∩ {V ∈ N(R): VK ⊆ V ⊆ VL} = VHR since
if K ⊆HR′ ⊆ L then HR′ =HR which implies that R′ =R. 2
We close this section with some problems.
54 A. Losonczi / Topology and its Applications 103 (2000) 43–54
Definition 4.12. If α is an interior preserving open cover then let
ω˜(α)= ∣∣{Uα(x): x ∈X}∣∣.
Let ip(X)= sup{ω˜(α): α is an interior preserving open cover}.
For example, ip(R)=ℵ0 by Theorem 4.5.
Problem 5. Which properties does the cardinal function ip(X) possess? For example, is it
true that there always exists αsuch that ip(X)= ω˜(α) supposing that |N(X)|> 1?
Problem 6. Is it true that |T (X)| = 22ip(X) if |N(X)|> 1?
Remark (added during revision). We note that in the meantime Problems 1, 2 and 3 have
been studied by Künzi in [6,7].
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